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Abstract 

In this paper, we introduce a category of graded commutative rings with certain algebraic 
morphisms, to investigate the cobordism category of plumbed 3-manifolds. In particular, we 
define a non-associative distributive algebra that gives necessary conditions for an abstract 
| morphism between the homologies of two plumbed 3-manifolds to be realized geometrically 

by a cobordism. Here we also consider the homology cobordism monoid, and give a necessary 
i-G ' condition using ^-invariants for the homology 3-spheres to belong to the inertia group 

i associated to some homology 3-spheres. 

1 Introduction 

In this paper, we introduce a category of graded commutative rings with certain algebraic mor- 
phisms in order to investigate the cobordism category of plumbed 3-manifolds. In fact, we define a 
non-associative distributive algebra, which we use to give necessary conditions for algebraic mor- 
phisms between the homologies of two plumbed 3-manifolds to be realized geometrically by cobor- 
dism. This paper is a generalization of the paper [2] on homology cobordisms, to general cobor- 
disms between closed 3-manifolds. More precisely, we state the problem as follows. Let C3 be the 
cobordism category of closed oriented 3-manifolds whose objects M G ob (C3) are 3-manifolds 
and whose morphisms W S C3 (M, M') between two 3-manifolds M and M' are cobordisms 
(W; M, M'). On the other hand, let £3 be a category whose objects (7?*, •) € ob (£3) are graded 
commutative rings of dimension 3 and whose morphisms (£*; j, i', •) € £3 ((-H*, •) , (H^, •)) be- 
tween two objects (if*, •) and (#*,•) are composed of graded modules of dimension 4 with 

5"H ' i i' 

certain product structures • and homomorphisms H* — > L* <— H„ satisfying compatibility condi- 
tions on products. Note that there exists a functor H* : C3 — > £3 given by M 1 — ► (£/* (M; Z) , •) 
and (W; M, M') 1 — > (Z* (PF; Z) ; •), where z* and are the induced homomorphisms 

H, (M; Z) ^> L* (W; Z) £ if, (M' ; Z) , 
to the Z-module L„ (W; Z) defined by 



L fc (W; Z) - Im \H k (M; Z) © H k (M'; Z) *-V ff fe (W; Z) 
Let i?* (W) be a Z-module denned by 

R k (W; Z) = Ker ( H k _ t (A/; Z) © £T fc _i (M'; Z) ^ ff fe _i (W; Z) 
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and <9* © <% : R k (W;Z) -> 77 fc _i (M;Z) © 77 fc _i (M';Z) be the induced homomorphism. Then 
the problem can be stated as follows. 

Problem 1 Let M,M' G ob(Ca) be two closed oriented 3-manifolds. Let <j) — (L*;i,i',») G 
£a{(H* (M; Z) , •) , (77* (M'; Z) , •)) be an algebraic morphism of homology rings. Then does there 
exist a cobordism (W;M,M') G C 3 (M, M') such that (L* (W;Z) ;u,i'+,») = $ = (L*;i,i',»). 

Note that by the exact sequence of the pair (W, M U M') , the cobordism (W; M, M') pre- 
serves the intersection product structures, that is, the induced morphism (7* (W; Z) ; •) G 
£3 ((77* (M; Z) , •) , (77* (A/ 7 ; Z) , •)) must be composed of ring homomorphisms i*, i* with re- 
spect to the intersection pairings. 

Lemma 2 Let (W;M, M') be a cobordism between two closed oriented 3-manifolds M and M . 

Let (L* (W; Z) ; i*, j'*, •) &e t/ie induced homomorphism 77* (M;Z) ^> L* (W; Z) ^ 77* (M'; Z). 7/ 
we denote the intersection parings on M and W by • : 77^ (A7; Z) © 77^ (A7; Z) — > Hk+e-3 (M; Z) 
and • : i?fe + i (W; Z) © 7^ (W; Z) — ► Lk+es (W; Z) , respectively, for any non-negative integers 
k,£ with k + £ > 3, then we have i* (<9* (77) • 6>) = 77 • (8) for any n G Rk+i (W;Z), 8 £ (W;Z). 

In fact, this lemma provides a necessary condition for the existence of cobordisms described 
above. However, the following is an example to which Lemma [3 cannot be applied. 

Example 3 Let (T, u>), (T',u)') be two Seifert graphs defined by 

T=(V,E), V = {1,2}, E = {(1,2), (2,1)} 

/ wi = {2;(5,3),(5,3),(5,4)}, 
\ wa = {2; (9,1), (9,1), (9, 4)}. 



T' = (V' 5 E') , V = {1, 2}, E' = {(1, 2) , (2, 1)} 

wj = {2;(5,3),(5,3),(5,4)}, 
^ = {1; (9, 2), (9, 2), (9, 2)}. 

Note that the associated plumbed 3-manifold M (T) can be obtained by plumbing of S 1 -V -bundles 
E v — * £„, v G V over the closed oriented V -surfaces £„ with Seifert invariants ui (v) according 
to the graphs T, see Appendix® or This plumbed V -manifold can also be described by using 
the decorated plumbing graphs of N. Saveliev '121. Then the homology groups of M (T), M (V) 
are isomorphic. 

77i(A7(r); Z) = Z 8 © Z/45 © Z/675, 77 2 (A7(r); Z) £ Z 8 , 
H X (M (r');Z) = Z 6 © Z/45 © Z/675, 77 2 (A7(r'); Z) = Z 6 . 

7e< {ci!t)j},)£{i ! 2}.je{i.2,....2g} C 77i (E„;Zj fre o system of 'a, (j '-cycles on the underlying topological 
space £„ 0/ the V -surface £„ 0/ genus g, so that a v j ■ a v > y = 8 V v'£jj' for v,v' G {1,2} and 
j,f G {1,2,..., 25}, where 

1 (j=2j"-l, j' = 2j", j"G{l,2,..., 5 }) 
-1 (j=2j", j' = 2j»-l, j"G{l,2,..., 5 }) . 
( otherwise ) 

We denote the same symbol {a V j} V £.ii t 2},je{i,2,...,2g} C 77i (A7 (r) ; Z) to be the corresponding ho- 
mology classes in M (T), and fix an isomorphism on the free part Hi (A7(r); Z) /Tor = Z 8 by using 
this {a v j}. For each a G 77i (£„; Z) , let 6 a G 77 2 (A7 (r) ; Z) be the corresponding 2-cycle obtained 
by using the natural homomorphism defined in LemmaXEb\l. Then {8 avj } v e{i.2},je{i,2....,2g} C 
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H 2 (M (r) ; Z) form a basis, and we can fix an isomorphism H 2 (M (T) ; Z) = Z 6 by using {O avj } . 
Let L* = 0fc =o Lk be the graded Z-module defined by 

L = Z, Lx = Z 8 © Z/45 © Z/675, L 2 = Z 6 , L 3 = Z, L 4 = 0. 
Lei iJ» (M (r)) A L„ A iJ„ (M (r')) &e two graded homomorphisms defined by 



H X {M{Y);Z) 

1= 



Li 
1= 



4>i 



Hi(M(r);Z) 
1= 



where 



and where 



and 



Z/45 

© 
Z/675 



■i Z/45 A 



■i Z/675 A 



( h o o o \ 

O I 2 o o 

o o o o 

\0 O O h J 



1 
1 








$9 



H 2 (M(T);Z) A L 2 A 
|= |= 

z 8 *? z 6 S 

I 2 o o o 
O I 2 o o I , 
O O 7 2 O 



fr 3 (M (r) ; z) 

1= 



i 3 

1= 



Z/45 

© 

Z/675 



( h o 0\ 

o O I 2 

O I 2 o 

\ O O O J 



H 2 (M(T');Z) 
1= 

Z 6 

h o o 

O O h 

o o o 



H 3 (M(T');Z) 
1= 



On the other hand, let _R* = 0^ =o Rk be the graded Z-module defined by 

R k = Kcr (tf fe _! © H' k _i L fc _i) , 

then we have 

Rq = 0, R\ = Z, R 2 = Z", i?3 = Z 8 , i?4 = Z. 
Lei • : R 2 ® L 2 — > io = Z and • : i? 3 ® L 2 — > L\ be bilinear pairings defined by 



R.2 



s 2 = 





L 2 
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e 2 
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O 











-1 


o , 


)• 



Li 

( -E 2 O O O \ 

O -e 2 O O 

O O O -e 2 

\ O O -s 2 O ) 



Rs 



I 45e 2 6 O O \ 

O 45e 2 <5 O 

O O O 

\ O O O J 



, S = 1 e Z/675 c Li . 
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We fix spin structures, 

c= ((1,1,0), (1,1,0)), c' = ((1,1,0), (0,0,0)), 

on M (T), M (T 1 ), respectively, where 0, 1 are determined by the spin structures on punctured Rie- 
mann surfaces around V -singular points. Then there exists no (spin) cobordism {(W, c); (M, c), (M', c')) 
such that (L* (W; Z) ; i*, i'^, •) = <f> = (L*;i, i\ •) and L* (W; Z) = iJ» (W; Z). 

Remark 4 Note that the generators of R 2 = Z 6 and R 3 = Z 8 correspond to 
R 2 = (ana 1 ^, a 12 a' 12l ai 3 a' 211 a u a' 22 , a 2 i0, a 22 Q^j , 
^3 = (^an 0' a ,^ , 9 ai2 9'^ , 9 ai3 6'^ , 6 ai4 9'^ , 9 a23 0, 6» a24 , 06>^, 3 , 00'^ ^ , 

where we denote by aa! (resp. 9 a 9' a ,) the 2(resp. 3)-cycles corresponding to 

(-a) © a' e Kcr (h x © H[ *±j' Li) (resp. (-<?„) © 0' a , £ Kcr © H[ '±j' Li) J 

wrai/i k — 2 (resp. k = 3). Take a generator S\,... ,5$, £,S of L\, 

(5 U . . . , S 8 ) © (e) © (J) ~ Z 8 © Z/45 © Z/675 S Li, 
and a generator pi, . . . , p 6 of L 2 , 

(pi,...,p 6 ) =Z 6 = L 2 . 
T/ien i/ie pairings • : R 2 ® L 2 ^ Lq = Z and • : R 3 ® L 2 ~> Li are described as follows. 

• : R 2 ® L 2 ^ Lq = Z 

aiia'n • p 2 = 1, 
ai2a'i2 • pi = -1, 
ai3a 2 i • P4 = 1, 
ai4" 2 2 ' /°3 = -1, 

"2l0 • P6 = 1, 

"220 • P5 = -1 

x • y = (otherwise). 

• : i? 3 © Li -> L = Z 



9a 11 9 a ' 11 


<5 2 = 


-i, 


9ai20a' 12 


5i = 


i, 


9a 13 9 a i 2i 


5 4 = 


-i, 


9aii9 a i 22 ■ 


<5 3 = 


i, 


0q. 23 O • 


^8 = 


-i, 


# a24 • 


S 7 = 


i, 


o<V • 


s e = 


-i, 


O0 Q > • 

X 


s 5 = 
■y = 


i, 

(otherwise) 
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• :R 3 ®L 2 



0, 



—S, S = 456, 



ai2^a' 12 ' Pi 



'a 13 9a' 21 ■ Pi 



—S 



X ■ y 



(otherwise). 



As in the paper [2] on the homology cobordisms of plumbed 3-manifolds, we show the above 
statements by two approaches. Let M (V) (resp. M (r')) be a plumbed 3-manifold associated to 
the tree Seifert graph T (resp. V) satisfying a certain condition (Ndeg) (Definition [SJ , and let 
<fi = (L„; be an algebraic morphism between (M (T) ; Z) and -H* (M (V) ; Z). Then we 

construct a distributive algebra 7\L* (r, T', (f>) over Q by using the data (r, T', <f)) as in Definition 



1. The 10/8- inequality. 

We apply a l^-manifold version of the extended Furuta-Kametani-10/8-inequality for closed 
spin 4-manifolds with b\ > 0. The 10/8-inequality contains terms depending on the quadru- 
ple cup product of the first cohomology on closed 4-1^-manifolds. The quadruple products 
are calculated by using the algebra 1Z* (T, T' , <fi) as a map q (T, T', 0) : 1Z* (T, T', — > Q. 

2. The associativity of cup products. 

The distributive algebra 1Z* (r, T', 0) is not necessarily associative by definition. However, 
if there exists a cobordism W between M (r) and M (T 1 ) realizing the algebraic morphism 
4>, then we see that there exists an injective ring homomorphism from 1Z* (r,r', cf>) to the 
homology ring iJ„ (Z; Q) of a closed 4-V^-manifold Z obtained by gluing P (r), P (V) and W 
along the boundaries M (T) and M (V) , and hence that 1Z* (T, T', <fi) must be associative. 
Therefore, the associativity of the distributive algebra 1Z* (r, T' , tp) gives an obstruction to 
the existence of cobordisms W realizing </>. 

Remark 5 As in paper the author does not know examples that can be detected by using the 
gauge theory in Approach 1 but cannot be detected by using the associativity of cup products in 
Approach 2. 

The homology cobordism category is defined to be the category whose objects are closed 
3-manifolds and whose morphisms are homology cobordisms. If we take the quotient of the set 
of objects by the homology cobordism relation, then we obtain the homology cobordism monoid. 
In particular, we give a necessary condition, using iu-invariants, for the homology 3-spheres to 
belong to the inertia group associated to some homology 3-spheres. 

The organization of this paper is as follows. In Section [21 we introduce a distributive algebra 
7Z* (r,r',</>) and state the main theorems and their applications in Approach 1 using the 10/8- 
inequality, and in Approach 2 using the associativity of cup products. In Section [31 we recall 
the definition of cobordism the category of 3-manifolds and introduce a category of graded 
commutative rings with certain algebraic morphisms, which models that of the homology rings. 
In Section [5l we recall the definition of the w-invariants, which are integral lifts of the Rochlin 
invariants, and give several properties of the invariants under cobordisms and connected sum 
operations. Here we also give a necessary condition for the homology 3-spheres to belong to 
the inertia group associated to some 3-manifolds in the homology cobordism monoid. Finally in 
Section[6l to prove Lemma[32l we consider a cobordism of two plumbed 3-manifolds and calculate 
the intersection pairings of 3-cycles on closed 4-F-manifolds obtained by gluing 4-I^-manifolds 
along the boundaries. 



6 



5 



2 Main theorems and applications 

2.1 A distributive algebra constructed from algebraic morphisms 

Motivated by the above Lemma [32] below in Section [6j we introduce a distributive algebra 
(r,F, 4>) using the data (T,T',4>)- 

Definition 6 Let T = (V,E,u)), F = (V' , E' ,uj') be two tree Seifert graphs satisfying the condi- 
tion (Ndeg) : 

1. the intersection matrices A (T), A (F) of the plumbed V -manifold P (T), P (F) with respect 
to the standard basis are non-singular, 

2. all the Euler numbers are non-zero e (u) v ) ^ 0, e (lu' v ,) ^ for all v € V and v' £ V. 

Let <j) = (L»; i, i', •) be an algebraic morphism between (H* (M (r) ; Z) , •) and (H* [M (F) ; Z) , •) 
in the £3 category . Then we define a graded commutative distributive algebra 7Z* (T, V, 4>) over 
Q to be 

' ft 4 (r,F,</>) = q z 

TZ 3 (T,T'A) =R{T,T',<f)®Q 

< K 2 (r,r^) = e^Qs„ ®@ v , ev ,®K' > 
nx (r,r,0 = L(r,r,$®Q 

t U (T,T',^ = Qpt 

where 

R (r, T', <(>) = Ker [h (T) © i? (F) fl ^f ff 2 (M (r) ; Z) © ff 2 (M (F) ; Z) l ±f L 2 ) , 

l (r, r', ^) = im (h (T) © h (r') A ^ A ' ^ (m (r) ; z) © .Hi (m (r') ; z) l± i l x \ , 

as in Lemma [3U\ in Section^ If we denote the elements corresponding to (—a) ©a' £ R(T,T' ,<f>) 
formally by 6 a Q' a , then the product structure on 1Z* (T,T',(j)) is given by 

■ z-x = x (x g iz* (r, r', (f>)) 

9 a 9' a , • Ej, = £„ • 0^ = i (a v ) , 9J^, ■ E' v = T,' v • = «) , 
< i (a,) • fyfy = -Bpffp, ■ i (a v ) = -a v • /3„, i' «) ■ Q^,=-Q^ ■ i< (a' v ) = a' v ■ ft, 

for any a,c/ € H (Fj , /3, ? € H (F) , 0J)£, Op6' , e i? (I\ F, 0) 
S w • = -A (T) vv , pt, K ■ Z' v , = A (F) w ^, 
ie • y = Q {x,y : otherwise) . 

Note that 1Z* (T,T',<f>) is not necessarily associative in general. 

By Lemma [551 EH1 m Section [5] below, we have the following 

Theorem 7 Let T = (V,E,lo), F = (V' , E' be two tree Seifert graphs satisfying the condi- 
tion (Ndeg), and let <f> — [L*;i,i' ', •) 6e a morphism between homology rings (H*(M (F) ; Z), •), 
{H*{M (F) ; Z), •) in ifte £3 category. If there exists a cobordism (W; M (T) , M (F)) realizing 
4> = i, i', •) , t/ien i/iere exists an injective ring homomorphism 1Z* (T,V ,(f>) — > iJ»(Z;Q), 
aKC? hence 1Z„ (r, F, 0) musf &e an associative ring. 

Remark 8 TTie V -manifold Z can be regarded as a rational homology manifold, and hence the 
homology ring H*(Z;Q) can be defined over the rationals Q. 
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2.2 The 10/8-inequality and the quadruple cup products 

The 11/8-conjecture, due to Y. Matsumoto, states that for any closed spin 4-manifold the second 
Bctti number is greater than or equal to 11/8 times the absolute value of the signature. A weaker 
inequality, called the 10/8-inequality was first proved by M. Furuta using a technique based on 
the finite-dimensional approximation of the Seiberg-Witten equation. This inequality was proved 
under the assumption that the first Betti number is zero, but this condition can always be realized 
by surgeries. However, by dealing with the first cohomology of closed 4-manifolds, M. Furuta 
and Y. Kametani improved the 10/8-inequality for closed spin 4-manifolds with positive first 
Betti numbers by considering Pm(2)-equivariant maps between sphere bundles over the Jacobi 
tori of 4-manifolds constructed from the finite-dimensional approximation of the Seiberg-Witten 
equation [9]. Their result is based on the joint work of by M. Furuta, Y. Kametani, H. Matsue, 
and N. Minami [8] on the stable homotopy version [7] of the Seiberg-Witten invariants. The 
improved inequality contains terms that come from the quadruple cup product structures on 
closed spin 4-manifolds. 

In the paper [2], we extended the Furuta-Kametani-10/8-inequality to the case of ^-manifolds. 
For various definitions concerning ^-manifolds, see |11) . 

Let ((M,c), [X, c)) be a pair consisting of a closed 3-manifold M with spin structure c and 
a closed spin 4-V-manifold X with U-spin structure c satisfying d(X, c) = (M, c). Then we can 
define an integral lift of the Rochlin invariant, which we call the w-invariant (Definition [19]), 

w((M, c), (X, c)) = -fi(M, c) mod 16. 

The ui-invariant was defined in joint work with M. Furuta on applications of the 10/8-inequality 
[4]. In fact, we proved the vanishing of the U-indices of the Dirac operators on closed A-V- 
manifolds X with b^ (X) < 2, which implies the homology cobordism invariance of w in a 
certain class of homology 3-spheres. In joint work with M. Furuta and M. Ue [5], and in the 
extensive work of N. Saveliev [12] . it is shown that the Neumann-Sicbcnmann invariant for 
plumbed homology 3-spheres is equal to the w-invariant for some auxiliary plumbed y-manifold 
and its F-spin structure. Recently, M. Ue proved that the Ozsvath-Szabo correction term is 
equal to the Neumann-Sicbcnmann invariant (and hence the w-invariant) for a large class of 
plumbed rational homology 3-spheres [15] . 

We introduce the following quadruple product structure. 

Lemma 9 Let T — (V,E,u>), V = (V' , E' ,u) be two tree Seifert graphs and let <f> — i', •) 

be a morphism between the homology rings (iJ»(M (T)), •), (H*(M (T')),») in the £3 category. 
Then a quadruple product q (r, T', (j>) : IZ3 (T, V' , <f) — > Q is calculated to be 

v,v f £V d,u'£V 

By Lemma [32l we generalize the Theorem in [2] to obtain 
Theorem 10 Let T = (V,E,uj), V = (V',E',lj') be two tree Seifert graphs such that 

1. b ± (T) + b^(T / ) < 2m + 2, 

2. the intersection matrices A (T), A (V) of the plumbed V -manifold P (T), P (T') with respect 
to the standard basis are non-singular, and 

3. the Euler numbers are non-zero e (u) v ) ^ 0, e (lu' v ,) ^= for all v 6 V and v' G V . 
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Let <p = (i*; i, i\ •) be a morphism between the homology rings (H*(M (T) ; Z), •), {H*(M (T') ; Z), •) 
m the £3 category. Suppose that the associated plumbed 3-manifolds with spin structures (M(T), c), 
(M (r'),c') are spin cobordant (M(F),c) ~ f W £\ (-^(-T')j c ') / or some compact spin A-manifold 
(W, c) inducing an algebraic morphism <fi = (£*; j, i', •) = (L» (VF; Z) ; i*, , •) swc/i f/ia£ L» (W; Z) = 
if, (W;Ij). If there exists an infective homomorphism 

h : h 1 {$ZiT?\ i)^r (r, r', 0) c ^ 3 (r, r', <£) 

h (x) ■ h (y) ■ h (z) ■ h (w) ee (x U 2/ U z U w, [jj™ ) mod 2, 

/or any x, y, z,w e iP ((j™ jT 4 ; Z), where the Tf 's are m-copies of the 4-torus T 4 . Then we have 

w((M(T),c), (P(T), c)) = M(M(r'), c'), (P(r), c')). 

Example 11 Let T and V be two Seifert graphs in the above Example^ Let V = Y ft s ■ ({0}, 0) 
be the Seifert graph consisting of the disjoint union ofT and s-vertices for s < 2, with no edges 
and with Seifert invariants 

uj (v) = uj (v) , V £ V, 

Qi (0) = uj = {0; (oi, 61), . . . , (a n , &„)}, 1 < r < s. 

We also define V = r'fts • ({O},0) and the Seifert invariants uj' by uj' (v) = uj' (v) for v G V 
and uj' (0) = uj. Suppose that one or more of the ai's are even for uj (0) , so that the asso- 
ciated disk V -bundle admits a V-spin structure. Then the plumbed 3-manifold M (T) is the 
connected sum (M (T) , c) ft s ■ (E,cs) of the plumbed 3-manifold (M (T) , c) and s-copies of 
the Seifert rational homology 3-sphere (S,cs) of Seifert invariant uj(0). The plumbed 4-V- 
manifold P(T) is the boundary connected sum (P (T) , c) \\ s ■ (E,ce), where E is the associated 
disk V -bundle of the S 1 -fibration E. Suppose the Euler number e(uj) is positive then we have 
b^ (P (r) t] s ■ E) + (P (r') \ s ■ E) < 2 + s. Now the quadruple product associated to the 3- 

cocycles 9 ail 9' , ,9 ai2 9', ,9 ai3 9', ,9 ai4 9' e R{T,V ,<j>) satisfies 

S ail 0' alii ■ ai2 O' a , i2 • Q ai3 0' a , 2i ■ aii 9' a22 = -5 ee 1 mod 2 
In fact, by noting that 

i(e axi ) = i'(9' a[i ), i(9 ai2 )=i'(9' a ,J, i(6 ai3 ) = i'(9' a ,J, i{e aiA ) = i'KQ, 

and 

Airy 1 =A(rr 1 = ( \ ~ 3 

and applying Lemma UM. we obtain 

q (r, r', 0) (f^f,^ ® eZy a , i2 ® ® OT< ; 

= -A ( r ) n («ii • "12) ("13 • ot u ) + A (r') 12 (a' u ■ a' 12 ) (a' 21 ■ a' 22 ) 
= -2 • 1 • 1 + (-3) • 1 • 1 
= -5 ee 1 mod 2. 

On the other hand, the w-invariants are calculated to be 

w((M (r) , c) tt s ■ (E, c s ), (P (r) , c) \\s ■ (E, c E )) 
-w((M(r'),c') (t S .(E,c E ),(P(r'),c') ^s-{E,c E )) 

= w((M (r) , C ), (p (r) , c)) - «,((m (r') , c '), (p (r') , c')) 

= 12- (-4) = 16 ^ 



s 



and 2 + s < 2 + 2. Hence by Theorem lHA we see that there exists no cobordism (W, c) between 
(M (r),c) (t s- (E,ce) a™d (M(r'),c') (j s ■ (S,c E ) inducing (f> = (L*;i,i' ', •) for s < 2 such 
that Lif (W; Z) = i/» (W^ Z) . iVo£e £/ia£ i/ie difference is divisible by 16 and hence this cannot be 
detected by using the Rohlin invariant. 

2.3 Associativity of intersection products on homology 

On the other hand, we can prove the above statement in Approach 2. Motivated by Lemma [32l 
we introduce the following triple product. 

Definition 12 Let V = (V,E), V = (V,-E') fee two Seifert graphs and let = (K*;i,i',») be 
a morphism between homology rings (H*(M (r) ; Z), (H*(M (T 1 ) ; Z), •) in i/ie category £3. 
Then a triple product t (T, T' , (f>) : IZ3 (T, T', (j>) — » 7?-i (r, T', 0) is defined and calculated to be 

t (r, r', 0) (m£ ® <v%, ® a^",) 

= ^ A(rr'( a „-A)i( 7t) o- E A ( r 'r'K -#k (Tio 

6% (r,r',$. 

In fact, we obtain the following criterion by Lemma [32l 

Theorem 13 Let T = (V,E,u>), V — (V',E',u)') be two tree Seifert graphs satisfying the con- 
dition (Ndeg). 

Let M(T) and M(T') be the associated plumbed 3-manifolds, and <f> — •) be a mor- 

phism between homology rings (H*(M (r)), •), (-H*(M (r')), •) in the £3 category. If the triple 
product is not zero, 

t (r, r', <t>) (ejfc ® e^, ® <QQ & o e k x (r, r', 4,) 

for some triple 6 a 9' a ,, OpO'p,, 6^6 1 , £ R (T, T' , 4>) , then there exists no cobordism W between M (T) 
and M (F) inducing 4> such that L* (W; Z) = iT* (W; Z). 

Example 14 In i/ie a&oue Example^ we obtain 

t (r, r', </») & OS 12 ® OTJ = 5<5 3 ^ o. 

In /act, Definition \12l we have 

t (r, r', 0) (O^ ® OJ 12 ® <OQ 

= A(r) 11 (a n • a 12 ) * (a 13 ) - A(r') 12 (a' u ■ a' 12 ) i' (a' 21 ) 

- A(T) n (a 12 • a 13 ) * (an) + A(r') 11 (c/ 12 ■ 0) i' (a' n ) + A(r') 21 (0 • a' 21 ) i' (a' n ) 
= 2 • 1 • i (ai 3 ) - (-3) • 1 • i' (a 21 ) = 5i (ai 3 ) 
= 5d~ 3 ? 0. 

Hence by Theorem [73] we see t/ia£ there exists no cobordism W between M (T) jj s • £ and 
M (r') (J s • £ inducing <f> — (L»; i, £') swc/i t/iat L (PF; Z) = H* (W; Z) /or any rational homology 
3-sphere £ and non-negative integer s. 
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3 Cobordism category of 3-manifolds and an abstract cat- 
egory of graded commutative rings 

In this section, we give a precise definition of the £ 3 category, a category of graded commutative 
ring with certain algebraic morphisms which was introduced in order to investigate the cobordism 
category C 3 of 3-manifolds. 

3.1 Cobordism category of 3-manifolds 

Let (C 3 ,U,0) be the category whose set of objects ob(C 3 ) is the set of all disjoint unions M 
of closed oriented 3-manifolds and whose set of morphisms C3 (M, M') between M £ ob(C3) 
and M' £ ob(C 3 ) is the set of all cobordisms (W; M, M') between M and M', that is, W is a 
compact oriented smooth 4-manifold with boundary dW = MU {-M'). If M, M', and M" are 
three objects in C3, then the composite operation on morphisms C3 (M, M') x C3 (M',M") — > 
C 3 (M, M"), (W, W) 1 — > W U M ' W is defined by gluing the 4-manifolds W and W along the 
boundary component M'. There exists a bifunctor U : C 3 x C 3 — > C3 defined by the disjoint union 
U : ob (C 3 ) x ob (C 3 ) -» ob (C 3 ), (Mi, M 2 ) 1 — > Mi U M 2 and U : C 3 (Mi, M{) x C 3 (M 2 , M 2 ) -> 
C 3 (Mi U M 2 , M{ U M^), (Wi, W 2 ) 1 — > Wi U T4 7 2 , and the empty set £ ob (C 3 ) defines the unit 
element. Hence (C3,U,0) defines a monoidal category. 

Let Cg pm be the category whose set of objects ob(C3 Pm ) is the set of all disjoint unions (M, c) of 
closed oriented 3-manifolds with spin structures c and whose set of morphisms Cg pm ((M, c) , (M', c')) 
between (M, c) £ ob(C;; pin ) and (M', c') £ ob{C s 3 pin ) is the set of all spin cobordisms ((W, c) ; (M, c) , (M', c')) 
between (M, c) and (M' ; c'), that is, (W, c) is a compact spin smooth 4-manifold with boundary 
d (W, c) = (M, c) U (— (M', c')). Then the monoidal category of 3-manifolds with spin structures 
(C3 Pin ,U,0) is defined similarly. 

3.2 A category of graded commutative rings 

Let (£3,0, 0) be a category whose set of objects ob (£3) is the set of all pairs (#*,•) composed 
of 

1. a graded Z-module -ff* = ©^ =0 Hk of dimension 3 such that H n = Z c for some c £ Z> , 

2. a graded commutative product • : Hk <8> He — > Hk+es, i.e. ak ■ Pe = (— l)( 3 ~ fc ^ 3 ~ £ ) /3 £ . 
for ctk & Hk, fie £ He, satisfying the following conditions: 

(a) • : iffc <S> -ff3-fe — ► -ffo = Z c A Z induces an isomorphism _ff3_fe ® Q = (iJ/c <S> Q)*, 
where e : Z c — > Z is given by e (®j =1 mj) = X^i=i TO *> 

(b) i?3 = If and the element /x £ H3 = Z c corresponding to ©° =1 1 £ Z c is a unit element 
with respect to the product • : H k <X> H 3 — ► _ff & , 

and whose set of morphisms £3 ((#*,•) , (iJ^, •)) between two objects (£/*,•) and is 
the set of all quadruples (L*; i, i', •) composed of 

1. a graded Z-module L* = ©^ =0 of dimension 4 such that i — Z d for some d £ Z> , 

2. two homomorphisms H* ^ H'^ such that 

(a) L k = Im (ff fc © H' k '±j' L fc ) , 
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(b) if Rk are Z-modules defined by 

R k = Ker (h^ © '±i' L fc _! 

then the bilinear pairings • : Rk ® — > Lfc + £_4, • : Le ® Rk - ► Lk+e-4 induced by 
• : Hk® He — > Hk+es and • : H k ® H' t ^ H' k+e _ 3 are graded-commutative with each 

other in the sense that ak ■ Pe — (— l)( 4_fe ^ 4- ^ • a fc for G iifc, /?£ G and the 
pairing • satisfies the following conditions: 

i. the following commutative diagram holds, 



Hk 


® 




— > Hk+e-3 


d®id He 
Rk+1 


T 






® 
i 




a 


id «*+i®» 








® 




— > Lk+e-3 


ld «*+i®*' 


T 






-Rfc+i 


® 




w 


9'<8>idtw 
"e 

















where 9, 9' are the natural projections, 

9 © 9' : i? fe = Ker [h^ © fij^ H' L k -i) - # fe _i © 



l- 



ii. • : Rk® L^-k -to = Z rf A Z induces an isomorphism £4-^ ® Q = (i?fc ® Q)*, 
where e : 7L d —> Z is given by e (®f =1 mi) = m i> 

iii. i?4 = Z d and the element v G i?4 = Z d corresponding to ffif = il G Z d is a unit 
element with respect to the product • : R4 ® Lk — > Lfc. 

Let (if, •), (if 7 , •), and (if 7 ', •) be three objects in £ 3 . Then there exists a composite operation 
on morphisms 

C 3 ((if, .) , (if', .)) x £ 3 ((if', .) , (H", .)) - C 3 ((H, .) , (if", .)) , 
{{L*;i, i', •) , i'", •)) i — > ((L o i')* 5 •) . 

where (L o L')^ = fe=o (L o £') fe is the graded Z-module defined by 

(L o L') k <* Im (H k © if£ Coker ^H' k L k © £' fe )) , 

i %" 

and the inclusions Hk — > (L o L') fe <— if£' are defined by the natural map 

i © *'" : H k © H'l L k © L' fc -> Coker f if£ * ^ L k (B L' k 



We define Ro R' in the same way as f? is defined by L: 

(R o R') k = Ker (if fe _! © ffj^ *'±f (L o L') k ) 

mff « »'+»'" L k -i(BL' k _ 1 \ 
= *"{ H *-** H *-i ~* V<B{-i»))H> k J 

= 1m (Ker (i? fe © R' k d '=?" H' k _^ 9 ±T H k -i © if^) 
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Then the product • : (R o R') k ®(Lo L') e -» (lo £')fc+£-4 is induced by the natural product 

• : Ker (i? fe © # fc d '^" H' k _^j © Coker ^ ' ®^ ^ © L'}j 

( »'e(-»") \ 

which is defined by using the products • : R k © — > L k+e _ 4 and • : i?' fe © — > £' fe+ £_ 4 - Then 
we have the following 

Proposition 15 The product • : (R o R') k ®(Io L') 4 _ k — > (L o i') = Z d A Z induces an 
isomorphism (R o R') k ®Q~((Lo £') 4 _ fc © Q)*. 

Proof. Note that if D : R k+1 ® Q -> (L 3 _ fe ® Q)* and D : iJ fe © Q -> (-ff 3 _ fc <8> Q)* are the 
duality isomorphisms, then D o d = i* o D, so we have 

(Ker (R k © R' k d '^" H' k _^j ©q)* 

= Coker f(R k © Q)* © (# fc © Q)* ^ ^ ^ © Q 



= Coker (h^ k © L' 4 _ k * ^ i^_ fe ^ © Q. 
Note also that the identity map id : H 3 ^ k (&H 3 _ k — ► H^- k ®H'^_ k induces a natural isomorphism 

Ker (ff 3 _ fe © tfs-fe Coker (ff 3 _ fe L^ k © L 3 _ fe ^ 

= Im (H^ k © ff 3 '_ fe 9 t^"' Ker (i? 4 -fe © i? 4 -fe ^ #3-fc)) ■ 

Then, using these isomorphisms and the fact that Im(/ : V — > W)* = Im(/* : V* <— W*) for 
any homomorphism / : V — > W of Q- vector spaces, we have 

((LoL') fc ®0)* 

Im ( H k © £T£ Coker f ff£ * ®^ ^ i fc © L' fc 



= Im ((ff 3 _ fc © Q) © (H%_ k © Q) a t^"' Ker (i? 4 _ fe © i? 4 _ fc U 9 " H' 3 _ k ) © Q>) 

= Ker ((ff 3 _ fe © Q) © (tf 3 '_ fe © Q) *±T C okcr (tf 3 _ fe ' ^ } L 3 _ fc © L' 3 _ k ^j © ( 
= (i2 o R r ) 4 _ k © Q. 

■ 

Remark 16 The composition 

C 3 ((JT„ •) , (ffi, .)) x £ 3 ((Hi, .) , «, .)) - £ 3 ((if*, .) , (iC .)) , 
i, %', .) , (L', ; i", i"\ .)) .— > ((L o L')* I i, i", •) 

satisfies the associativity law, and the unit morphism is defined by [H* — ► ii* <— ii») S 
£3 ((if*, •) , (if*, •)) • Hence £ 3 defines a category. 
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Remark 17 The condition of the Poincare duality should be replaced with the condition that 
the product • : R k ® - * Lq = 7L d A Z induces an isomorphism L^ k = Hom(i?fe,Z) 
o?i i/ie /ree parte in i/ie integral coefficients. But this condition may not be preserved under 
composition, and we need to impose certain torsion-free conditions on the boundary. For example, 
we may introduce a category £3 whose objects are (i?*, •, F*) with additional submodules F* C -ff* 
and whose morphisms between (i?*,«,F*) and (if*,*, i^) are (L*;i,i', •) , wi£/i t/ie following 
additional torsion-free conditions: 

1. there exists a lifting a : R k R k such that do a (R k ) C -flfc-i and 9' ocr (i? fe ) c are 
forsion-/ree, 

F* and F* satisfies the following condition: 

(a) L k / (i (H k ) + i' (Fj.)) and L k / (i (H' k ) + i' (F k )) are torsion-free, 

(b) F k = 0R k+1 and F' k = &R k+l . 

But these conditions may cause extra complications, which are not essential for our discussion. 
So we will discuss this matter elsewhere. 

Note that there exists a functor £/* : C 3 -> £3 given by M 1 — > (H* (M; Z) , •) and (W; M, M') 1 — > 
(L* (W; Z) ; i*, i'„, •), where i* and are the induced homomorphisms 

(M; Z) A L* (W; Z) £ tf* (M'; Z) , 
to the Z-module L* (W; Z) defined by 

i* (W; Z) = Im ^ff, (M; Z) © iJ» (M' ; Z) ^ tf* (W; Z)^ . 

Remark 18 If we consider the category £§ instead of £3, we need to replace the category C3 
with a category C3 to define a functor H* : C3 — > £3. The objects 0/C3 are 3-manifolds M with 
an additional submodule- F* C (M; Z) , and the morphisms between (M, F») and (M', F£) are 
cobordisms (W;M,M') with the following additional torsion-free conditions: 

1. H k [W; Z) / (it + if) (i? fc (M; Z) i7 fc (M'; Z)) is torsion-free, 

2. there exists a lifting a : R k (W; Z) -> i? fe (W; Z) suc/i tftaf <9»oer (i? fe (W; Z)) C if fe _i (M; Z) 
and <% o (R k (W; Z)) C H k _\ (M'\ Z) are torsion-free, 

3. F* and F^ satisfies the following conditions: 

(a) L k (W; Z) / (*, (# fe (M; Z)) + i'* (F^)) and L fe (W; Z) / (i* (F fe ) + *' (ff fc (M' ; Z))) are 
torsion-Jree, 

ft) F fe = c>»i? fe +i (W; Z) and F fc = 5^+1 (W; Z). 
There exists a bifunctor © : £ 3 x £ 3 — > £3 defined by the direct sum 
© : ob (£ 3 ) x ob (£ 3 ) -» ob (£ 3 ) , ((Hl, .) , (tf 2 *, •)) .— » (JTl, .) © (ff 2 ., •) 

© : £3 ((#!*, •) , (FL, •)) X £3 ((#2*, •) , (#2*, •)) - ^3 ((#!*,•) © (#2*, •) , (H' u , •) © •)) , 

((ii*; *i, *ij •) , (L 2 *;i2, i'2, •)) 1 — ► (£1* © ^2*; «i © 22, *i © ^ •) 7 

and the zero Z-modulc 6 ob (£3) defines the unit clement. Hence (£3, ffi, 0) defines a monoidal 
category. 

Similarly, a functor Ht p[n : C s 3 p[n -» £3 is defined by (M, c) 1 — ► (if* (M; Z) , •) and 
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((W, c) ; (M, c) , (M 1 , c')) — > (L. (W; Z) ; i„ »'„.). 

We call two objects (-Hi*, •) and (i/2*, •) equivalent if and only if there exists a graded ring 
isomorphism / = {/&} : — > i?2*, i-e. /fe : i?i,k — > i?2,fe are Z-module isomorphisms such 
that fk+e-3 {x • y) — fk (%) ■ fe (y) f° r any % G ififc, y G f?2£- We also call two morphisms 
4>\ = (Li t ; i\, i[, •) (resp. </>2 = (£2*; «2, i'2, •)) between ifi* and (resp. ff 2 * and if 2 *) are 
equivalent if and only if there exist two ring isomorphisms / : Hi* — * H2*, f : — ► ff 2 * and 
a graded Z-module isomorphism 5 : Li* — > L 2 * such that the following diagrams commute. 





ii 


T iL 




fi 






/'I 


H2* 




7- £ 
A/2* <— 


#2* 


Ri,k+i 


( 







(/fe+l©/fe +1 )®S< J- • 

#2,fc+l <8> 1-2^ — * £ 2 ,fc+£-3 

4 Homology cobordism category of 3-manifolds and a cat- 
egory of isomorphisms of graded commutative rings 

In this section, we consider the homology cobordism category of 3-manifolds and then reduce 
the category £ 3 to a category C% of isomorphisms of graded commutative rings. 

4.1 Homology cobordism category of 3-manifolds 

Let (C$ , jj, S 3 ) be the category whose set of objects ob (C%) is the set of all closed oriented 3- 
manifolds M and whose set of morphisms C" (M, M') between M G ob (C") and M' G ob (C§) 
is the set of all homology cobordisms (W; M, M 1 ) between M and M' . If M, M', and M" are 
three objects in C% , then the composite operation on morphisms (M, M') x C3 (M', M") — > 
Cf (M, M"), (W,W) 1 — > W U M > W is defined by gluing 4-manifolds W and W along the 
boundary component M'. There exists a bifunctor jj : x C3 — > defined by the con- 
nected sum jj : ob(Cf) x ob (Cf ) -> ob(Cf), (Mi,M 2 ) 1 — > MijtM 2 and the boundary con- 
nected sum \ : C 3 ff (Mi,M{) x (M 2 ,M 2 ) -» Cf (M^ M 2 ,M{jj M 2 ), (Wi,W 2 ) .— » W^W 2 , 
and the 3-sphere S* 3 G ob (C^) defines the unit element. Hence (Cf^jj, S 3 ) defines a monoidal 
category. The monoidal category (C^' spm , jj, S 3 ), whose objects (M,c) are 3-manifolds M with 
spin structures c and morphisms between (M,c) and (M',c') are homology spin cobordisms 
((W, c) ; (M, c) , (M', c')) , can be defined similarly. Note that there exists a natural functor 
— > C3, but the monoidal operations jj and U are not compatible. Let (S3 , jj, S 3 ) be the 
subcategory of (C^^S 3 ) generated by the set ob (S3) of all objects £ £ ob (C^) such that 
if* (£; Z) = if* (S 3 ; Z) . In particular, there exists a monoidal operation jj : S3 xC^ — ► C^. Since 
spin structures on homology 3-spheres are unique, the corresponding subcategory ((S^' spm , jj, S" 3 ) 
of (Cf ' spin A,S 3 )is equivalent to (5 3 H , jj , S 3 ) . 

Fix if* G ob (£3) and let C3 (if*) be the subcategory of C3 generated by the set ob (C3 (if*)) 
of all objects M G ob (Cf ) such that if, (M; Z) = Then Cf = UH, eo b(£,) C f and 
the monoidal operation jj : x Cf -> Cf induces jj : Sf x Cf (ff*) -> Cf (fJ»j. Similarly, let 
Cf' spm (if*) be the subcategory of C^p 111 generated by the set oh^^'^ 111 (if*)) of all objects 
(M,c) g ob(Cf ,spin ) such that H* (M) = H*. Then we have C^ sp[n = \J H ,eob(c 3 ) Cf ' spin (if.) 
and ft : <Sf x C 3 H ' spin (ff, ) - Cf < spin (if.) ■ 
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id «fc+l 



4.2 A category of isomorphisms of graded commutative rings 

Let (£3^,0,5) be a category whose objects ob (£3^) are the same as ob (£3) , except that the 
object (-H*, •) satisfies Hq = Z and whose morphisms £^ ((£/*, •) , (i?*, •)) between two objects 
•) and (if*, •) are the same as £3 ((if*, •) , (-ff*, •)) , except that the two homomorphisms 

H* ^ H'^ are isomorphisms. This implies that L k = H k = H' k = and the following 

diagram 

H k ® H e H k+ e-3 

— 

R k+ i ® He [=i 

id fife+1 ®i I- 

Rk+i ® Le —> L k +e-3 
T- 

flfc+1 ® ^ !=«' 

0'®idrr/ l = 

#fc ® H e H 'k+e-3 

commutes, and hence if, A I, f- are in fact ring isomorphisms. Therefore we may define 
£f^ ((£/*, •) , •)) to be the set of all graded ring isomorphisms '■ H* = © fe =o H k — > H 1 ^ = 
0fe=o^fc' <f> (x ■ y) = (j> (x) ■ 4>(y) for any x,y e ff*. If (H,»), (#',•), and (#",•) are three 
objects in £3^, then the composite operation on morphisms is defined as follows: 

£ 3 " ((H., .) , (i^ .)) x £f ((Hi, .) , (H'J, .)) - £ 3 " ((#*,.) , (ff?, .)) 

((f>l,(f>2) 1 > 02° 01 

Note that there exists a functor H*:C§^ £f given by M 1 — > (H* (M ; Z) , •) and (W; M, M') 1 — 
<Pw = C 1 *'*• 

There exists a bifunctor jj : x £|^ — > £3^ defined by the " connected sum" , 

« : ob (£f ) x ob (£f ) - ob (£f ) , ((H u , •) , (#2*, •)) (J?i*tt #2*, •) 
t] : £f ((ffi., •) , (#(*,•)) x £f ((tf 2 *, .) , (tf^, .)) - £f ((Hi.lt H 2 *, .) , (#( J H^, .)) 

(01,02) 1 > 01 1| 02 

where 

(J?i*tt #2*)^ 



Z (A; = 0,3) 

1 H lk ®H 2k (fc = l,2) ' 

with the product structure • defined naturally, and 

(01^ 2 ) fc = { £ z fe e 02fe {fc : J; 2] : ^ - ma H ' 2k . 

Note that 1 G Z = (i?i*tt H 2 *) 3 satisfies 1 • a; = a; for any x e i?i*tt #2*- The "3-sphere" 5 € 
ob(£ 3 ff ), 

Z (fc = 0,3) 
(fc = l,2) 



defines the unit element. Hence (£| f ,tJ,S') defines a monoidal category. 



4.3 Homology cobordism monoid 

Let (Cf^j}, S 3 ) be the homology cobordism monoidal category. We define an equivalence re- 
lation M ~ H M', M,M' G ob(Cf) if and only if Cf (M,M') 7^ 0. Let Cf be the abelian 
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monoid denned by the quotient of (C|^, jj, S 13 ) by the equivalence relation ^ H , and we call 
C§ the homology cobordism monoid. Note that the monoid corresponding to the subcategory 
(S§ , jj, S 3 ) C (C3 , D, S" 3 ) is exactly the homology cobordism group 0$ of homology 3-spheres. 
Then the monoidal operation jj : S3 x — > induces the action jj : x — » Cj 3 , and 
hence the homology cobordism monoid is a 6^-space. Then for any M £ , the inertia 
group (6f) M , 

(ef) M = {seef| sttM ~ h a/} 

is well-defined. Similarly, let C^' spm be the abelian monoid obtained as the quotient of (C^' spin , jj, S 3 ) 
by the equivalence relation ^ H > s P in of homology spin cobordism. Then for any (M, c) € C^' spin , 
the inertia group (9f )^ c) , 

l ?)^) ^ i S e e ?l S tt (M,c) ~ H ' spin (M,c)} 

can be defined. 



5 ^-invariants 

Let (M, c) be a closed oriented 3-manifold M with spin structure c, and let (X, c) be a com- 
pact oriented 4- V- manifold with F-spin structure c, satisfying d(X,c) = (M,c). Since the 
3-dimensional spin cobordism group r2g pin is zero, we can take a compact oriented 4-manifold W 
with a spin structure c, satisfying d(W, c) = (—A/, — c). Then we glue them along the boundary 
and obtain a closed oriented 4- V- manifold Z = X Dm W with spin structure c — c\J c c. We fix a 
Riemannian ^-metric on Z, and let X>(Z) be the Dirac operator on Z associated with the y-spin 
structure c. Then we define an invariant for the pair ((M, c), (X, c)) as follows. This invariant 
is an extension of the definition of the w- invariant [4], [5] for homology 3-spheres to the case of 
closed oriented 3-manifolds with bi > 0. 

Definition 19 

w((M, c), (X, c)) = 8 ind v V(Z) + Sign (W) e 7L. 

Remark 20 By the excision 'property of the indices of the Dirac operators, and the Novikov 
additivity of the signature, this invariant does not depend on the choice of (W, cw)- 

Since the F-index of the Dirac operator is always divisible by 4, we see that the following 
proposition holds. 

Proposition 21 Let fj,(M,c) G Z/16 be the Rochlin invariant; then we have 

w((M,c),(X,c)) = -fJ,(M,c) mod 16. 

By the excision properties of the indices of the Dirac operators, and the vanishing of the 
kernel of the Dirac operator on a round sphere, this invariant is additive under connected sums. 

Proposition 22 

w((Afi, ci)(t(M 2 , c 2 ), (X u £i)\)(X 2 , c 2 )) 
= w((Mi,c 1 ),(Xi,c l )) + w((M 2 ,c 2 ),(X 2 ,c 2 )) 

To state some properties of the invariant, we first recall some notation [2]. 

Definition 23 Let k + , k~ and r be non-negative integers. We define the set X(k + , fc~; r) of all 
pairs ((M, c), (X, c)) composed of 
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1. (M, c) : a closed 3-manifold with a spin structure, and 

2. (X, c) : a compact oriented A-V -manifold with spin structure satisfying 

(a) d(X,c) = (M,c), 

(b) b+(X) < k + , b^(X) < k~, and 

(c) rankKcr(i* : ff x (M;Q) -> Hi(X;Q)) < r. 

Then we define a set of 3-manifolds as follows. 

y{k + ,k--r) = {(M,c)\((M,c),(X,c)) e X(k + ,k~;r) for some (X,c)}. 

Remark 24 y(k + , k~; r) is not closed under connected sums. In fact, the connected sum defines 
a map 

t( : y(kt,ki;n) x y(k+,k^:r 2 ) y(k+ + k+,k^ + fe^; min (n, r 2 )). 

Then we have the following theorem [2] . 

Theorem 25 Let k + ,k~ and r be non-negative integers satisfying k + + k + r < 2. Then the 
map 

w{k+,k--r) : y(k + ,k-;r) 3 (M,c) i — ► w((M,c), (X,c)) € Z 
gives a homology spin cobordism invariant. 

Theorem 26 Suppose (M,c) G ob(Cf' spin ) belongs to the class y(k+,k-;r). IfSe (©f)^" 
is m the class y (/+, Z~; 0) tiwtfi fc+ + Z+ + fc~ + Z~ + r < 2 then w (Z+, l~, 0) (E) = 0. 

Proof. Let (M, c) and E be as above. Then (M, c) and E | (M, c) belong to the class 
y(fc+ + Z+,fc~ + Z~;r). Since k++l + +k~+r+r < 2. we apply Theoreml251to w (fc+ + Z+,/«~ + Z" 
and obtain 

to(fc + + Z+fc- + l~;r) (E ft (M,c)) = to (fc+ + Z+, AT + Z~; r) (M,c). 
By the additivity formula [2H we have 

to(Z + ,Z~;0) (E) + w (fc+,fc-;r) (M, c) = to (fc+,/c~;r) (M, c) 
and therefore w (l+, l~ ; 0) (E) = 0. ■ 

Example 27 If one of a,b,c is even, then the Brieskorn homology 3-sphere E (a, b, c) bounds a 
spin D 2 -V -bundle X of Euler number e = — 1/ (abc) associated to the S 1 -fibration of E (a, b, c) 
over a 2-sphere S 2 . On the other hand, if all of a,b,c are odd, then E (a, 6, c) bounds a spin 
A-V -manifold X with b 2 (X) = 1, constructed by using a "A- dimensional Seifert fibration," as 
in our joint work with M. Furuta and M. Ue '51. Hence the pair ((E (a, 6, c) , c) , (X, £)) belongs 
to y (1, 1; 0). Therefore, if (E (a, 6, c) , c) G (Q§ )^ ln , f/ien to (1, 1; 0) (E (a, 6, c)) = 0. Note that 
it is known that the w-invariant is equal to (—8) -times the Neumann- Siebenmann fi-invariant, 
w ((E (a, b, c) , c) , (X, c)) = —8p, (E (a, b, c)), J12f . J2|/. Several sequence of the Brieskorn homology 
3-spheres are known to bound contractible A-manifolds due to the work of A. Casson and J. Barer 

nu- 



ll 



6 Plumbed 3-manifolds 



Let r = (V, E, lo) be a Seifert graph. For simplicity, we assume that T is a tree graph. Let P(T) 
be the plumbed 4-F-manifold with boundary obtained by plumbing according to F. For any 
vertices v € V, we take the disk ^-bundle E v — > T, v of Seifert invariant 

u (v) = {g v ; (a v i,b vl ), (a v „ v , b vnv )} , 

where E„ is a closed ^-surface of genus g v , and if two vertices v and v' are connected by an 
edge (v,v') € E then we take a sufficiently small neighborhood D 2 = U v>v ' C away from the 
singularity and glue the two disk ^-bundles E v — ► by the map, 

</> e : K|t7^ x = J7o,o' x D 2 3 (z,w) i — ► e xD 2 ^ £„/ . 

Remark 28 We can also consider plumbing at singular points. In fact, this extension of the 
notion of plumbing is generalized to the notion of plumbed V -manifolds associated to decorated 
graphs by N. Saveliev 



Then the surfaces £„ form a basis for the second homology P 2 (P(T), Q), and the intersection 
matrix A(T) is given as follows: 

e„ v — v', 
A(T) VV , = { 1 (v,v')€E, 
otherwise, 

where e v = X)"=i * s the Euler number of the disk ^-bundle E v — > £„. The boundary 
M(r) = <9P(T) is a smooth 3-manifold, and M(T) is a homology 3-sphere if and only if the 
following conditions hold: 

r : a tree graph, 
g v = for any v £ V, 

a v i, . . . , a VUv : pairwise coprime, and . . . (JJS) 

det A(T) = ± — , a v — Y\_ a vi- 

llvev a v i=1 

If r satisfies the condition 

3a V i : even or 



i , , v^n„ u f° r an y v eV ■■ ■ (SP), 

va V i : odd and 2_rt=i : even 

then P(r) is a spin 4-V / -manifold. 

Let T, T' be two tree graphs with Seifert invariants and let M (F), M (V) be the corre- 
sponding plumbed 3-manifolds. Let <j) — i', •) be an algebraic morphism between the 
homology rings (H*(M (T) ; Z), •), (H*(M (r');Z),«) of the corresponding 3-manifolds M(F), 
M(r'). We assume that F, T' satisfy the condition (Ndeg). Suppose that there exists a cobordism 



(W; M (r) , M (V 1 )) inducing = (L„; *, f, .). Then L* = Im (^P 2 (M (T);Z) © P 2 (M(r'); Z) *-^* tf* (VF; Z) 

Let Z be a 4-F-manifold obtained by gluing the 4-F-manifolds P(r), P(r') along their bound- 
aries M(T), M(r'), respectively. Then we have the following lemma [2]. 

Lemma 29 The second homology group P 2 (Z;Q) is isomorphic to 
ff 2 (P(T);Q) © P 2 (P(r'); Q) © Coker ( H 2 (M(T);Z) © P 2 (M(T');Z) P 2 (W; Z) J ® Q. 
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Let Z° be a smooth manifold obtained by removing the interiors of neighborhoods of the 
singularities. Then the boundary dP(T)° of P (T) is composed of the disjoint union of the 
plumbed 3-manifold M(T) and a disjoint union L of lens spaces. Then we have the following 
Lemma. 

Lemma 30 1. Let T be a Seifert graph and set H(T) = (§) veV Hi (£„; Z) . 

(a) There exists an injective homomorphism 

H(Y) A H^MiT)^) , 

(b) There exists the following natural commutative diagram, 

H(T) H 3 (P(T)°, M(T) U L; Z) 

9 \ I 

H 2 (M(T);Z) 

2. Let Z° be the smooth A-manifold obtained by removing the interiors of neighborhoods of 
singularities of Z . 

(a) Set 

L (r, T'; <j>) = {uX (a) + i'.A' (a') e H x (W; Z)\a®a' eH (T) © H (V)}. 

Then there exists an injective homomorphism 

L(T,V ;(/>) -» #i(Z°,L;Z) 
/? i — ► fc» 09) 

/or t/ie inclusion k : W Z° . 

(b) Set 

R (T, T'; ^) = {a©a'eif(r)®5 (r') |i,fl Q + i'X' = e £T 2 (W; Z)}. 
Then there exists an injective homomorphism 

66': R{T,T';<t>) -> H 3 (Z a ,L;Z) 
{-a)® a' .— > 0^ 

smc/i i/iai /or any pair (—a) a' G P(I\ T'; 0), the corresponding 3-cycle 8 a 6' a , e 
H 3 (Z a ,dZ°;Z) defines -6 a + 6' a , on H 2 (M (T) U M (T')) • 

Proof. 

1. Let V be the set of vertices in L. For a V^-manifold X, we denote X° be the manifold 
with boundary obtained by removing the interior of a sufficiently small neighborhood of 
the singularity of X. 

(a) There exists an isomorphism t : H (T) = ® veV #i(E„; Z) -> #i(P(f); Z) ^ wey Hi (P„ 
and by the exact sequence of relative homology of the pair (P(T), M(T)), the induced 
homomorphism #i(M(r);Z) -4 Hi(P(T); Z) is onto and we can take a splitting homo- 
morphism Hi(M(T); Z) A- H\{P(T); Z), which establishes an injective homomorphism 
A : JT (F) A ^(P(r); Z) A Hi(M(r); Z). 
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(b) Now for each 1-cycle a G Q) veV -Hi(E„; Z), we can associate a relative 3-cycle a G 
H 3 (P(T)°,M(T) U L;Z) as follows, where L is a disjoint union of lens spaces such 
that <9P(T) = M (r) U L. Let M v -> E„ be the Seifert fibration of Scifert invari- 
ant w (w) , and let P v — ► E„ be the associated disk ^-bundle. Since P„ is defor- 
mation retract to E„, _ff 1 (P 1 ,;Z) = 7J 1 (E^;Z). By the Meyer- Vietoris sequence 
for P v = P° U cone L v and Poincare duality, we have H 1 (P„;Z) = H 1 (P°;Z) = 
i?3 (P®,M V UL„;Z), where L„ is a disjoint union of lens spaces such that dP° = 
M v U L v and cone L v is the disjoint union of cones over the lens spaces L v . On 
the other hand, wc have H 1 (E„;Z) = Ker (P 1 (E2; Z) -> P 1 (<9E°; Z)) , and by 
Poincare duality and the exact sequence of relative homology, this is isomorphic to 
Im(#i (E°;Z) -» ffj (E°,<9E°;Z)) = Pi (S„;Z). Therefore, we have H x (E„;Z) = 
P 3 (P°, M„ UL„;Z). Let P' be the graph obtained by removing a terminal vertex in 
T and the edge adjacent to it. Then the plumbed y-manifold P (Y) is obtained by 
gluing P(T') and P v along a local trivialization D 2 x D 2 C P(r'). Then 5P (r')° 
is a disjoint union of the plumbed 3-manifold M (r') and a disjoint union L' of 
lens spaces. Set M (V) = M (T r ) - D 2 x dD 2 . Then by the exact sequence for 
triples (P (r')° , M (r ; ) U P, M (r')° U P), we see that P 3 (P (r')° , M {V) U P; Z) = 
H 3 (P (r')° , M (r')° UP;Z), and similarly P 3 (P°, M„ UL„;Z) S P 3 (P°, M°UL„;Z). 

Now p (r)° = p (r')° u p°, m (r) u i = m (r')° ul'u m„° u l„, p (r')° n p° = 

D = D 2 x D 2 , and M (r')° U V n M° U L„ = T S 5 1 x S 1 . Note that P 3 (P>, T; Z) -» 
P 3 (P (r')°,M(r') U J L';Z)®P 3 (p0,M0uL t ,;Z) is the zero map and H 2 (D,T;Z) -> 
P 2 (P (T')° , M (r')° U P; Z) © P 2 (P°, M° U L„; Z) is injectivc. Then by the Meyer- 
Victoris sequence we have 

p 3 (p (r)° , m (r) uL;Z) = p 3 (p (r')° , m (r') u P ; z) © p 3 (p°, m° ui, ; z). 

Therefore, by induction on the number of vertices, we obtain 

H 3 (P (T)° , M (T) U i; Z) = P 3 (P°, M„ U L„;Z). 

Hence we have the natural isomorphism, 

6 : Pi (E„; Z) = P 3 (P°, M„ U L„;Z) = P 3 (P(r)°, M (r) U L; Z). 

Combining with the boundary connecting homomorphisms <9* : H 3 (P®, M v UL„;S) — > 
H 2 (M V ;Z) and 9* : P 3 (P(r)°, M (T) U P; Z) -^H 2 (M (T) ; Z), which are isomor- 
phisms, we have a natural isomorphism 

: Pi (£„; Z) - H 2 (M v ; Z) = H 2 (M (r) ; Z) . 

vev vev 

For a = J2 veV Oi v G ©„ e y -Hi (£„;Z), we denote the decomposition of relative 3- 
cycles a G P 3 (P (T)° , M (T) U P Z) = 0„ ey P 3 (P° , M v Ul,;Z), and denote it by 
6> Q = X)«ey ^o, w ith G P 3 (P®,M V U L„; Z) and also denote that of the corre- 
sponding 2-cycles by 9 a = J2 ve v e ^ G P 2 (M (T) ; Z) with Q „ G P 2 (M„; Z). 

2. We have the following homomorphisms on homology </>. 

0: P*(M(r);Z) ^ Hi(W;Z) ^ ff*(M(r');Z) 
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(a) By the Meyer- Vietoris sequence 

j.Uji©(i»+*',) 



Hi (M (r) U M (r') ; Z) *A *' Pi(P(r)uP(F);Z)©Pi(W;Z) ^Pi (Z;Z) ^0, 



and the surjectivity of Hi (M (T) ; Z) ^4 H X (P (T); Z), Pi (Z; Z) is isomorphic to 
(Pi(P(f) U PlT 7 ); Z) © Pi (W; Z)) / Im (j* U £ © (i, + Q) 
= Coker (^Ker j* © Ker £ ^ P x (W; Z)^ . 

Since there exists an injective homomorphism P (T) — > Pi(M(r); Z) which factors in- 
jective homomorphism H (T) A if 1 (P(r); Z), there exists an injective homomorphism 
from 

L (T, r'; 0) = Im (h (T) © P (T') A ^ A ' Pi(M(r); Z) © Pj (Af (T); Z) ^ Pi (W; Z) 

to Cokcr ^Ker © Kcr j' t Pi (TT; Z)^j = Pi (Z; Z). Note that by the Meyer- 
Vietoris sequence, 

Pi (L;Z) iJj (Z°;Z) ©Pi (V;Z) -» Pi (Z;Z) -» 

and since Pi (V) = 0, Pi (Z) = Pi (Z°) /i„Pi (L). On the other hand, by the exact 
sequence of the pair (Z°, L) 

Hi (L; Z) ^> Pi (Z°; Z) ^4 P x (Z°, L; Z) -> 
P (L; Z) ^> P (Z°; Z) ^ P (Z°, L; Z) - 

and hence there exists a natural injective homomorphism Pi (Z; Z) — > Pi (Z°, L; Z) . 

(b) Let us define R (T, V; 0) = {affia' e P (r)ffiP (F) |i*<9 a +i'*C = G P 2 (W; Z)}. By 

using this 0, we can construct a 3-cycle a 0^, as follows. Here we denote X = P (T), 
M = M (r), and L = dZ°. 

H 3 (X°UX'°,L;Z) -> P 3 (Z°,L;Z) -> P 3 (Z°, X° U Z) 

a 0^, i — ► 
P 3 (W,MUM';Z) -> P 2 (MUM';Z) 

Note that i*6 a + i'«6' a , = G P2 (VF;Z). Then by the exact sequence of the pair 
(W, M U M 1 ) there exists a relative homology class 6 a 8' a , e H 3 (W, M U M '; Z) that 
maps to — 9 a +8' a ,. Note that Q 6' a , is only determined up to the image of P3 (W; Z) — > 
P 3 (W 7 , M U M'; Z). By the excision property P 3 (Z°, X°UX°; Z) = P 3 (W, MUM'; Z), 
the surjectivity of the map P 3 (Z°, L; Z) P 3 (Z°, X°UX /0 ; Z) (since P 2 (X° U L; Z) 
P2(Z°, L; Z) is injective), and P 3 (X°U i; Z) = 0, there exists a unique three-cycle 

in P 3 (Z°, L, Z) which maps to 9 a 0' a ,. This establishes a map 66' : R (T, F; 0) -> 
H 3 (Z°,L;Z). 
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Remark 31 Note that we can define the intersection pairing 

H 3 (Z°,L;Z)®H 3 (Z°,L;Z) H 2 (Z°;Z) 

by using 

H 3 {Z°;Z) ® H 3 (Z°,L;Z) -> H 2 (Z°;Z) 

since H 3 (Z°;Z) — > H 3 (Z°,L;Z) — ► (L;Z) — 0, and we can take a lift to H 3 (Z°;Zj up to 
the image of H 3 (L; Z). Note that the pairings of elements in H 3 (Z°; Z) and that of H 3 (L; Z) 
are trivial. 

As a generalization of Lemma in [2] , we have the following 

Lemma 32 Let T = (V, E, to), V — (V' , E' , u/) be two tree Seifert graphs satisfying the condition 
(Ndeg) and (f> = (£*; i, i' , •) be a morphism between {H* (M (T) ; Z) , •) and (i?* (M (V) ; Z) , •). 
Suppose that there exists a cobordism (W; M (T) , M (T')) between M (T) and M (V) such that 
(X* (W;Z) ;£»,<,•) = </> and L, (W; Z) = (W;Z). Lei Z &e i/ie dosed 4-V-manifold ob- 
tained by gluing P(T), P(T') and W along the boundaries M(T), M(T'), and let Z$ be the 
4-manifold obtained by removing the interiors of sufficiently small regular neighborhoods of the 

singularity in Z. For a pair of 1-cycles (a, a') G L (T,V , (f>) , we can define a 3-cycle a 9' a , — 
SiigVu'eV' 8a v 8' a i £ H 3 (Zo;Z), and the intersection products among these 3-cycles can be cal- 
culated by using the intersection pairings among the closed V -surfaces £„ in P (T) and curves 
on T, v 's as follows. 

= - E A(T)™' (a v -p v )Z v ,+ A(T>y v ' K-[3' V )K' eH 2 (Z;Q), 

(o a 0' a , ■ Opd'p)) ■ My 

= J2 Apr' (a v -(3 v )i( lv ,)- J2 ^(rT'K-/?;)i'(7;)e^i(Z;Q), 
a 0' a > ■ (QpQ'p • My) 

= A{T)™' {(3 v - lv )i{a v ,)- ^(r'r'(^-7Oi'K0e^i(Z;Q), 

WjV'GV v,v' (zV 

((0£ • Mf) • My) • 

= - £ 4(rr'(a„.W( v -^)+ E ^(r'r'K-^)(7V-C) 

€H (Z°;Z), 

where A(Ti) vv are the inverses of the intersection matrices A(T) VV > — £„ • £„/, S m 
H 2 (P(T);Q). 

Proof. First we prove that the intersection pairing 8 a 8' a , ■ 9^9'^, is given by 

W£-Wb> = - E Apr' (a v ,-/3 v ,)X v + E A(TT'(a' v ,-0' vl )E' v , 
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where aa',/3(3' G L (T, T'; <j>). 
By Lemma [29] we can write 



O a O' a > ■ QpO'p' - E C a/3^ + E C ap^'v 



vEV w6V 

*/3' °a/3 



for some c^g,c'^g £ Q. Now we multiply E„/ from the left, we have 



e„/ • (0^ • 9^) = E Cp^> • s„ = E (-A(rv„) 

On the other hand, by the associativity of the intersection pairing, we have 

£„/ • \ a 9' a , ■ 0p6'p^ — (t, v > ■ a 8' a ,^j ■ Opd'p, — (T, v i ■ 6 a ) ■ OfjO'p, = (— i (av)) ■ 0p0' g , 
= (— ev) ■ 0/3 = Qk)' ■ A/- 

Therefore we have 

v'ev 

Similarly, if we multiply Y/ v , from the left, we have 

s„ ■ {pC ■ wi) = E ■ K = E c V ( r 'u 

On the other hand, by the associativity of intersection pairings, we have 

£v • [o a O' a , ■ OpO'p^j = (p' v , ■ d a 0' a )j ■ 0p6' f3 , = (Y.' v , ■ (-0' a ,)) ■ OpO'p, 
= -i' «,) • = -<*'* ■ (Sp) = a' v , ■ P' v ,. 

Therefore we have 

c'°; = E K,./3' v ,)A(r>/ v " ■ 

v'ev 

Hence the assertion on the double products follows. 

Next we calculate the triple products. Note that the intersections of E„, H' v and 7 0y are 
calculated to be 

z v ■ m;, = s K • e 7 = -i ( 7 „) , e; • m5 = e; • (-0;,) = -*' (yj . 

Then we can calculate (ej>£, ■ 000^, ) • 0^, and 6U?^ • (fy^, • ft^jQ as follows. 

(^a^, • 0000/) ■ 7 0y 

= E C a/3 S ' U ' + E C a/3 S 'y ' 

= E c ^H(7«))+EOH'K)) 

= -e(-E^'-^')^^'"W) 

+ E (E (a' v ,-p' v ,)A(rr' v ) 

v£V \v'ev ) 
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vev v&v 

+ E (e 0^-7^ (iT'") H' (q4)) 

A(T/ v ((3 v ,- lv ,)i(a v )- A(T') v ' v (f3' v ,- 7 ' v ,)i'(a' v ). 



v,v f GV v 7 v'£_V 

The quadruple products can be calculated as follows. 



Y, E A(rf v (a v ,-Mi(lv)-9 S 9' S , 

-EE A(T') v ' v (a' v ,-^)i'(Y v )-9^, 
v£V v'ev 

Y E A(Tf v (a v ,-p v ,)(-lv5 v ) 

Y E A(rr' v K,-f3>,)( 7 > ■(-£>)) 

vev v'ev 

]T A(T) v ' v (a v ,.M(Hv5 v ) + £ A (T') v ' v «, • (j' v ■ S'J . 



v,v'£V v^v'^V 



Remark 33 The quadruple product can be calculated in different ways. If we denote the above 

//-— — <t> -~-<A <t>\ - 4> -j, 

formula for the quadruple product ( I 9 a 9' a , ■ 9p9' p , J ■ 9^9'y J • 9 S 9' S , by ^^g,, then we 

obtain the following formula. 



These formulas can be used to check the associativity in Theorem ] 1S\ 
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